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Wormhole Growth Paradox

There are some puzzling aspects to the geometry behind the
. « horizon of a two sided black hole.
&

Figure: Growth of the behind the horizon region of a two sided black
hole
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N o No region defined entirely on the left or right side is
< — sensitive to this part of the geometry

< > @ The volume behind the horizon on a spatial slice
> continues growing long past the thermal time.

@ This growth is linear at late times

To resolve these issues, Susskind and collaborators proposed
that the geometry behind the horizon is (in some sense) dual
to the quantum circuit complexity of the dual state.

Figure: Growth of the behind the horizon region of a two sided black
hole
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Circuit Complexity

What is circuit complexity?

A gate set is a collection of 'small’ unitaries H M —_
A circuit is a formal product of tensor products of gates

@ The complexity of a circuit is the number of gates
participating in the formal product P_\E — Y[—

@ A gate set is universal if any unitary can be

approximated by a circuit (to within some tolerance ¢) @L

@ The complexity of a unitary operator is the smallest H ey — ) — M ==
complexity among all circuits which approximate it (to
within €) ‘

o The complexity of a state |psi), given a reference state
|r), is the smallest complexity of any unitary U such H|—

that U|r) = |[¢)

Figure: A circuit with complexity 11
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Complexity = Action and Complexity = Volume

o complexity = action (CA) proposes that the circit
complexity of the CFT state is dual to the action
evaluated on the Wheeler-DeWitt (WDW) patch

o complexity = volume (CV) proposes that it is instead
dual to volume of a maximal spatial slice

o there have been other proposals, which we will not
discuss here

Figure: WDW patch and maximal volume slice of two sided black
hole
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Geometry as a Circuit?

Can we think of the geometry itself as a kind of circuit?
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Figure: MERA Tensor Network
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@ However, we will consider another alternative, based on

the pants decomposition of a manifold
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Geometry as a Circuit?

Can we think of the geometry itself as a kind of circuit?

@ One possibility is to think of tensor networks as a kind
of circuit

@ Perhaps volume counts the number of tensors?

N
7

@ NB tensors do not represent unitary operators

Figure: A surface cut into five pairs of pants

N SN

@ However, we will consider another alternative, based on
Figure: MERA Tensor Network the pants decomposition of a manifold

o (Of course this only works for two dimensions)
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Category

A category consists of
o A collection of objects (or dots)

o For every pair a, b of objects, a collection of arrows
from a to b.
> We write an arrow f : a — b

@ A composition rule o which, which takes arrows
f:a— band g:b— c and assigns them to a new

arrow gof:a—c ¢ y\
@ which is associative, i.e. ho(gof)=(hog)of
@ For every object a an identity arrow 1, such that for all 2 og
f:z—aandg:a— b lyof=f,gol,=g
We will be interested in symmetric monoidal categories, which Figure: Some dots and arrows
additionally have an associative product between objects and
arrows.
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nCob and Hilb

We will be concerned with two categories in particular

nCob: Hilb:
@ objects are oriented n — 1 dimensional manifolds @ objects are Hilbert spaces
@ for manifolds a and b, an arrow f : a — b is a bordism @ arrows are linear operators
from a to b

@ composition is composition of operators as functions
@ i.e. an oriented n dimensional manifold with boundary

an DHer ' ! @ product is tensor product
all b, b being the orientation reversal of b

o NB the arrows are arbitrary linear operators, they need

@ product is disjoint union not be e.g. unitary

@ composition is by gluing

I

YONE

Figure: A 2-bordism from 3 circles to 2
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Functor

A functor F from category A to category B

@ assigns to each object a in A an object F(a) in B

@ assigns to each arrow f : a — b in A an arrow
F(f): F(a) » F(b) in B

@ respects composition between arrows

@ a symmetric monoidal functor (between symmetric
monoidal categories) additionally repsects products

One may define an n dimenional topological quantum field
theory (TQFT) as a symmetric monoidal functor between
nCob and Hilb. For bordisms this functor essentially just
computes the path integral over the bordism.

ar os)of
¢ l\ﬁq T he(5ef)
M 3

be ——o " 2,

A
noy

J F

F) F(hegef)

Fe) L&
Fo e T2 VOYF

Flos) F(e) = )

Figure: A functor
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Complexity in 2D TQFT
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Complexity in 2-Cob

Figure: Gates in 2Cob
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Complexity in 2-Cob

@ Every bordism can be decomposed (by cutting) into a
composition of 5 fundamental pieces which we will call
gates

Figure: Gates in 2Cob
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Complexity in 2-Cob
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Complexity in 2-Cob

@ Every bordism can be decomposed (by cutting) into a o With a few exceptions (such as the sphere or torus), a
composition of 5 fundamental pieces which we will call bordism with n boundaries and genus g will then have
gates complexity —x(n,g) =2g — 2+ n.
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Complexity in 2-Cob

@ Every bordism can be decomposed (by cutting) into a o With a few exceptions (such as the sphere or torus), a
composition of 5 fundamental pieces which we will call bordism with n boundaries and genus g will then have
gates complexity —x(n,g) =2g — 2+ n.

@ The circuit complexity of a bordism is then the number @ In these (non-exceptional) cases, this complexity is just
of gates in the minimum decomposition the number of pants in a pants decomposition.

Figure: Gates in 2Cob

29 March 2022 13/19

Josiah Couch (Boston College) Pants Decomposition as Circuit Complexity in 2D (T)QFT



Co-ponks

Pauts

Z

Co=Peats

Figure: A bordism of complexity 5
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Circuit Complexity in Hilb from 2Cob

Can we use this gate counting in 2Cob to define a complexity in Hilb?

A TQFT will assign each of the gates we discussed above to a linear operator

However, these gates will not be unitary (they are maps between Hilbert spaces of different dimensions)
@ In addition, they will not be universal: most linear operators do not have any corresponding bordism.

@ It is also not universal with respect to states, i.e. these gates are not enough to contruct an arbitrary state from some
reference state

@ In the preprint, we study the degree to which these gates fail to be universal for different sets of TQFTs

@ The states and operators that can be constructed are essentially those which can be constructed from path integrals
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Other bordism categories

One might consider other categories of bordisms, including with more structure, corresponding to richer QFTs.

Examples:

o higher dimensional bordisms <+ higher dimensional
TQFT

@ bordisms with lower dimensional defects <+ defect

TQFTs
@ bordisms with spin structure <> spin TQFTs

@ bordisms with conformal structure <> conformal field
theories

CFTs are of course of particular interest given AdS/CFT

Figure: A 2 dimensional bordism with 1 dimensional defects
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AdS/CFT?

So far we have talked about complexity in TQFT, but our original motivation had to do with AdS/CFT. Can we say
anything about this setting?
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AdS/CFT?
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o In 1801.01137, Fu et al. found that the 'topological
part’ of the maximal volume of a n-sided genus g black
hole is proportional to the —x(n, g)
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@ Could maximal volume measure the bordism complexity
(at least in 3 dimensions)?
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AdS/CFT?

So far we have talked about complexity in TQFT, but our original motivation had to do with AdS/CFT. Can we say
anything about this setting?

o In 1801.01137, Fu et al. found that the 'topological
part’ of the maximal volume of a n-sided genus g black
hole is proportional to the —x(n, g)

@ But —x(n, g) is the number of pants in the pants
decomposition of the surface

@ Could maximal volume measure the bordism complexity
(at least in 3 dimensions)?

o For this to make sense, there would need to be some
QFT which assigns the maximal slice (as a bordism) to
the dual state

o Does this even make any sense?

Figure: A time slice of a 3-sided, genus 2 AdS3 black hole?
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Chern-Simons/WZW?

Perhaps an arena in which to investigate a toy version of this question is provided by the Chern-Simons/(Chiral)
Wess-Zumino-Witten duality.

Figure: CS/WZW dualities
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In particular, the partition function of a Euclidean
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Perhaps an arena in which to investigate a toy version of this question is provided by the Chern-Simons/(Chiral)

Wess-Zumino-Witten duality.

SL(2,C) Chern-Simons theory is closely related to pure
gravity in AdS3

Aside from this, CS/WZW duality provides a toy model
of AdS/CFT

Interestingly, due its topological nature, CS in
Lorentzian signature is dual to both Euclidean WZW
on a spatial slice (a 'dS/CFT’ type duality) as well as
to Lorentzian WZW on a timelike boundary

In particular, the partition function of a Euclidean
WZW on a spatial slice (with the CS field on that slice
acting as a source) is equal to the wavefunction of the
CS theory

As such, it seems that one could perhaps identify the
complexity of the CS state with the bordism complexity
of a spatial slice

NB that because WZW is not a TQFT, the it will need
a richer set of gates to take care of the extra
(conformal) structure

Figure: CS/WZW dualities
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